Abstract. Various particle physics models suggest that, besides the (nearly) cold dark matter that accounts for current observations, additional but sub-dominant dark relics might exist. These could be warm, hot, or even contribute as dark radiation. We present here a comprehensive study of two-component dark matter scenarios, where the first component is assumed to be cold, and the second is a non-cold thermal relic. Considering the cases where the non-cold dark matter species could be either a fermion or a boson, we derive consistent upper limits on the non-cold dark relic energy density for a very large range of velocity dispersions, covering the entire range from dark radiation to cold dark matter. To this end, we employ the latest Planck Cosmic Microwave Background data, the recent BOSS DR11 and other Baryon Acoustic Oscillation measurements, and also constraints on the number of Milky Way satellites, the latter of which provides a measure of the suppression of the matter power spectrum at the smallest scales due to the free-streaming of the non-cold dark matter component. We present the results on the fraction f ncdm of non-cold dark matter with respect to the total dark matter for different ranges of the non-cold dark matter masses. We find that the 2σ limits for non-cold dark matter particles with masses in the range 1-10 keV are f ncdm ≤ 0.29 (0.23) for fermions (bosons), and for masses in the 10-100 keV range they are f ncdm ≤ 0.43 (0.45), respectively.
Introduction
Despite lots of efforts during the past decades, the nature of dark matter (DM) remains still unknown (see Ref. [1] [2] [3] for extensive reviews). Usually, it is assumed that the DM is made of heavy, cold thermal relic particles that decoupled from baryonic matter in the very early Universe. This scenario is commonly dubbed cold dark matter (CDM). CDM is one of the most abundant ingredients of the standard cosmological model, the ΛCDM model, where CDM accounts for ∼26% of the current energy density of the Universe. The remaining part is dominated by dark energy, responsible for the present accelerated expansion of the Universe. According to the latest measurements of the Cosmic Microwave Background (CMB) from the Planck satellite [4] , dark energy accounts for ∼69% of the present total energy density in the Universe. The ΛCDM model is extremely successful, being consistent with the majority of current cosmological measurements such as, for instance, the acoustic peaks of CMB and the large scale structure observations [4, 5] . Despite its great observational success, there are some pending issues that still need to be understood within the standard ΛCDM framework. These are related to various cosmological observations on Galactic and sub-Galactic scales that are not in full agreement with the predictions of the ΛCDM model (see, e.g., [6, 7] ).
Important challenges for the ΛCDM model are the so-called too big to fail problem [8] and the Milky Way satellite problem [9, 10] . The former refers to the fact that the measured Galactic velocities indicate that dwarf galaxies are hosted by haloes that are less massive than those predicted by numerical simulations based on the ΛCDM model. The latter is related to predictions within the ΛCDM cosmology for the number of DM sub-halos, which is much larger than the observed number of satellite galaxies that orbit close to the Milky Way. A number of solutions to these two problems have been proposed in the literature (see, e.g., the recent works [11, 12] and references therein). Possible avenues range from lowering the total mass of the satellites by different means (e.g., via baryon or supernovae feedback effects [13, 14] ; see also Ref. [15] ) to modifications of the underlying DM model. 1 Focusing on this last solution, the possible modifications to the standard CDM paradigm include selfinteracting DM models [17] , interacting DM-radiation models [18] and warm DM particles (such as a sterile neutrino) [19] [20] [21] , which attracted recently again more attention due to possible hints in X-ray data [22, 23] .
Here, we consider a modified version of the most economical pure CDM model, allowing for a mixed DM cosmology with an additional dark and inert relic. An important subset of these models, where today's DM consists of an admixture of cold and warm DM particles, have been dubbed mixed DM (MDM) models; see Refs. [24] [25] [26] . They are a plausible solution to alleviate the small-scale crisis of the ΛCDM cosmology, while leaving the predictions from the CDM model at large scales unchanged. The reason is simple: the particle associated to the second, warm DM component will have a significant free-streaming length, affecting the matter power spectrum on the smallest scales, improving therefore the compatibility with the observations of the local Universe [27] .
We will study the phenomenology of a broad range of MDM models, where the dominant species is cold, and the sub-dominant species can be warm (see Refs. [28] [29] [30] for previous works), hot, or even contribute as a relativistic component (see e.g. Ref. [31] and references therein). More precisely, our goal is to study how cosmological measurements can be used to derive limits on the fraction f ncdm of the non-cold DM (NCDM) component with respect to the total DM, as a function of its mass m ncdm . We will assume that the temperature of the NCDM component is the same as the one of the standard neutrinos, but this does not restrict the scope of our findings (see Sec. 2). We shall exploit the predictions within MDM scenarios of the matter power spectrum P (k) to compute the number of the dwarf satellite galaxies, following [32] . We shall combine in our analyses the predictions of the number of satellite galaxies with the most recent CMB temperature, polarization and lensing measurements from the Planck satellite and the most recent Baryon Acoustic Oscillation (BAO) data. Our results will be presented for two typical classes of candidates for the NCDM component: fermions and bosons that froze-out when still relativistic. Even if we will not consider any specific particle physics model, we will show that our treatment is able to provide constraints on several fermionic or bosonic DM candidates.
One fermionic example could be a sterile neutrino; see Refs. [12, 21] for more recent work and Refs. [33] [34] [35] for reviews on the subject. Sterile neutrinos are usually produced as relativistic particles, and therefore their free-streaming can wash out the growth of perturbations at scales of dwarf galaxies and below. In the very first and simplest model, sterile neutrinos can be produced in the early Universe via mixing with the active neutrinos [36] [37] [38] [39] [40] . However, the sterile neutrino production could be enhanced in the presence of a non-zero lepton asymmetry in the early Universe, or via resonant-production [41] [42] [43] [44] [45] [46] . Furthermore, sterile neutrinos could also be produced by interactions beyond the SM, for instance by interactions with the Higgs boson, in theories with higher dimensional operators, or in Starobinsky-like inflationary scenarios [47] [48] [49] [50] [51] [52] [53] [54] . We must underline that most of the models we mentioned do not predict a thermal momentum distribution function for the sterile neutrino, as instead we are assuming in our analysis.
A typical bosonic NCDM candidate is the thermal axion. Axions are hypothetical elementary particles introduced to resolve the strong CP problem in Quantum Chromodynamics (QCD) [55] [56] [57] [58] ; see Ref. [59] for review. Axions can be produced non-thermally by the re-alignment mechanism and, depending on the cosmological scenario, by decaying axion strings and domain walls, contributing to the CDM of the Universe [60] [61] [62] [63] [64] [65] [66] [67] [68] [69] [70] , but we shall not focus here on this case. On the contrary, light, sub-eV axions can be copiously produced in the early Universe via thermal processes, behaving as extra-hot DM components, together with the three standard relic neutrinos; see Refs. [71] [72] [73] [74] [75] [76] for current and forecasted future cosmological constraints on these models.
These are just a few examples for the NCDM component that we will cover in our analysis. Our results, indeed, will be derived in a much more extended parameter space than the sterile neutrino and thermal axion ones.
The structure of this paper is as follows: in Sec. 2, we briefly describe relevant aspects of the standard cosmological model, and we introduce the second DM component. Section 3 contains a detailed description of the adopted datasets and the tools that are used in our numerical analyses, including the computation of the number of the dwarf satellite galaxies. We present our results in Sec. 4, and we draw our conclusions in Sec. 5.
2 The standard cosmological scenario and a second dark matter component
The ΛCDM model has six parameters: the energy density of CDM, Ω cdm ; the baryon energy density, Ω b ; the reionization optical depth, τ ; the angular scale of acoustic peaks, θ; the amplitude and the tilt of the power spectrum of the primordial curvature perturbations, A s and n s . The amount of energy density of relativistic species in the early Universe is usually defined as the sum of the photon contribution, ρ γ , plus the contribution of all the other relativistic species, parametrized through the effective number of relativistic degrees of freedom, N eff :
N eff is defined as the ratio of the energy density of all relativistic species, ρ x (which includes standard neutrinos plus any other NCDM component in its relativistic regime), to that of photons:
In the standard scenario, the canonical value N eff = 3.046 corresponds to the three active neutrino contribution, after considering effects related to non-instantaneous neutrino decoupling [77, 78] . Deviations of N eff from its standard value may indicate that the thermal history of the active neutrinos is different from what we expect from the Standard Model (SM) of particle physics (e.g., additional relativistic particles that may be present in the Universe). The extra dark radiation component is parametrized via ∆N eff ≡ N eff − 3.046.
The most recent measurements from the Planck satellite using both temperature and polarization, combined also with BAO data, give N CMB eff = 3.04 ± 0.18 [4] (see also Refs. [72, 75, [79] [80] [81] [82] [83] for other recent constraints, and the review [31] that carefully analyses the impact of N eff on the different cosmological observables).
The phase space distribution of particles in thermal equilibrium that decoupled when still relativistic reads
where the sign +(−) is for fermions (bosons), T is their temperature and µ the chemical potential. We will fix the temperature of the NCDM component today to T ncdm = T ν = 0.716T cmb , the temperature of the active neutrinos, and study the NCDM as function of the NCDM mass m ncdm and the fractional contribution to DM (see below). Even if we consider a specific value of T ncdm , we are not restricting ourselves to a fixed scenario, since what is relevant for the cosmological calculations is the ratio m ncdm /T ncdm . This means that the results that we will find for a particle with mass m ncdm and temperature T ncdm = T ν can be easily translated into constraints for a model where the NCDM particle is described by any other temperature T by rescaling the mass accordingly, i.e. m = m ncdm T /T ncdm . We assume that the NCDM component freezes out while still being relativistic (E = p), and with zero chemical potential (µ = 0). In that case, the functional form of the momentum distribution is conserved at all later times, with a temperature re-shifting as T ∝ 1 + z as the Universe expands [84] . The number density, or equivalently the normalization of the distribution function in Eq. (2.3), is fixed by requiring that the energy density of the NCDM component equals ρ ncdm .
We define the fractional amount of NCDM as
where Ω x ≡ ρ x /ρ c , ρ cdm and ρ ncdm are the mass-energy densities of the CDM and NCDM components, respectively, and ρ c is the critical density of the Universe. Note that the total energy density of DM today is, strictly speaking, not exactly given by Ω cdm + Ω ncdm , since Ω ncdm can be potentially relativistic in our scenario. However, we note that for all cases of interest, Ω dm ≈ Ω cdm + Ω ncdm will be approximately correct, since the fraction of dark radiation that can contribute to the energy density today is strongly constrained (as we will explicitly see below).
3 Observational constraints
Cosmological measurements
We consider the CMB measurements of the most recent Planck data release [4] , using the full temperature power spectrum at multipoles 2 ≤ l ≤ 2500 (Planck TT) and the polarization power spectra in the range 2 ≤ l ≤ 29 (lowP). We also include the information on the gravitational lensing power spectrum estimated from the CMB trispectrum analysis, as implemented in the Planck lensing likelihood described in Ref. [85] . Here, we follow a very conservative approach and neglect the small-scale polarization measurements (i.e., the so-called highP), as there could be still some level of systematics contamination [4] . In order to perform our numerical analyses, we have made use of the publicly available Planck likelihoods [86] . 2 We refer to the combination of the data above described as the "CMB dataset". We also consider the BAO measurements from several experiments: from 6dFGS [87] at redshift z = 0.1, from the SDSS Main Galaxy Sample (MGS) [88] at redshift z eff = 0.15, and from the BOSS experiment Data Release 11 (DR11) using both the results from the LOWZ and CMASS samples [5] at redshift z eff = 0.32 and z eff = 0.57, respectively.
Dwarf spheroidal number counts
Besides including the above CMB and BAO measurements, we derive constraints from the number of dwarf satellite galaxies in the Milky Way. Their distribution and number is a probe of the matter perturbations at sub-Mpc scales, which can potentially be affected by the free streaming of the NCDM component in our model.
We estimate the number of satellites predicted for a given MDM scenario following the procedure described in Refs. [32, 89] , where the authors use a relation based on the conditional mass function normalized to the N-body simulation results. The use of this formalism in the MDM scenarios explored here is justified by the recent work performed in Ref. [90] , where it has been explicitely shown that there is a very good agreement between the theoretical description of the mass function and the devoted N-body simulations within MDM models carried out in Ref. [90] .
The expected number of the dwarf satellite galaxies can be calculated integrating the following quantity [32, 89] :
where P (1/R) is the matter power spectrum, hh stands for "host halo" (the Milky Way in our case), sat stands for "satellites," and C n = 45 is a number which mimics the results of N-body simulations. In the rest of the paper we assume M hh = 1.77 · 10 12 h −1 M for the Milky Way (MW) and we take N sat,0 = 10 8 h −1 M as a lower integration limit for the calculation of the number of satellite galaxies. Hence, we only consider satellite galaxies above that mass [32] . The parameters R i , S i and M i (i = sat, hh) are, respectively, the radius, the variance and the mass of the satellite galaxies or of the host-halo, defined as
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The number c = 2.5 is fixed in order to give the best match to N-body simulations. This approach is based on a re-derivation of the Press & Schechter [91] mass function. For the calculation of the mass and the variance, we use a k-sharp filter approach. This filter cuts all the scales k below the cut-off scale 1/R sat and it is written in terms of the window function W (k|M ) that enters the above equation (3.2) . The window function reads as follows:
where k s (M ) is the cut-off scale as a function of the mass. 3 The computation of the number of the dwarf spheroidal galaxies enters in a likelihood function labelled 'SAT'. As for the CMB dataset, for which we do not consider Planck polarization data at high multipoles, we also follow here a very conservative approach. We define the satellite likelihood as a half-Gaussian with mean N sat = 61 and standard deviation σ Nsat = 13. 4 In other words, we only consider satellite galaxy bounds when the predicted 3 In the standard extended Press & Schechter [91] formalism, the window function is chosen to be a top hat in real space. In Fourier space, it is W (k|M ) = [3 sin(kR) − kR cos(kR)]/(kR) 3 , where the relation between the mass M and the filtering scale R reads M = 4 3 πρcR 3 . This implies that the mass M and the filtering scale R are related. This relation is also maintained with the choice of a sharp-k filter [21] . 4 The choice of N sat = 61 is motivated by Refs. [89, 92] , in which the authors add to the eleven standard satellites the fifteen observed by SDSS, after having corrected for the limited sky coverage of the SDSS catalogue (f sky 0.28), resulting in ∼ 61 ± 13 satellite galaxies. The error only accounts for the SDSS sample, for which we assume Poisson statistics, see Ref. [92] .
number of satellite galaxies within a given model is below the mean number of galaxy satellites that are (expected to be) observed, with the present observations (N sat = 61) representing only a lower limit. This assumes the plausible scenario that not all dwarf spheroidal galaxies in the relevant mass range have been found up to now, and that the number of satellite galaxies might increase by ongoing and/or future searches. 3 eV, corresponding to a total of 60 dwarf spheroidal galaxies satellites. The black line which limits the upper coloured region refers to a model where the fraction is f ncdm = 0.9 and the mass is m ncdm = 10 5 eV, corresponding to a total of 160 dwarf spheroidal galaxies.
In Fig. 1 , we show the derivative dN sat /d ln M of the number of satellite galaxies, see Eq. (3.1), versus the satellite mass M , for a Milky Way-like host halo with mass M hh = 1.77·10 12 h −1 M . We show two cases. The first case depicts a situation where the mass of the NCDM particle is large (m ncdm = 10 5 eV) and it constitutes almost all the DM (f ncdm = 0.9), resembling therefore the standard ΛCDM picture. The other case is for smaller values of the mass and the fraction of the NCDM species, having m ncdm = 10 3 eV and f ncdm = 0.25, respectively. For the ΛCDM-like scenario we get N sat ∼ 160, while for the second scenario we obtain N sat ∼ 60, providing naively a better agreement with observations. However, we are conservatively imposing that our model must reproduce at least the number of observed dwarf satellite galaxies, penalizing only those cases for which the number of satellite galaxies is smaller than the observed one. Hence, both of the exemplary MDM scenarios will be equally allowed by the 'SAT' likelihood, since future measurements may detect more of these objects.
Boltzmann code and scanner
We use CLASS, a Boltzmann solver code that calculates the evolution of matter perturbations in the Universe and evaluates the CMB and BAO observables [93] . The tool used for the computation of the likelihoods is Montepython [94] , that we use in junction with Multinest, [4] . All the cosmological parameters are kept fixed for the three cases illustrated here, except for f ncdm and m ncdm . In particular, in all the three curves the total amount of dark matter is the same.
an efficient and robust Bayesian inference tool for cosmology and particle physics [95] . The varying cosmological parameters are the six basic ΛCDM parameters introduced in Sec. 2, plus the mass of the NCDM component, m ncdm and its fraction, f ncdm . For the standard ΛCDM cosmological parameters we use flat priors, while for the mass and the fraction of the NCDM component we use flat priors on their logarithms, having log 10 (m ncdm /eV) ∈ [−5; 5] and log 10 f ncdm ∈ [−6; 0]. Notice that this is a very wide region for the NCDM properties and therefore there are parts in which our results will overlap with other complementary analyses. That would be the case for the bosonic axion, where astrophysical constraints apply to a certain region of the parameter space [96] , and also for the fermionic sterile neutrino, for which oscillation searches discard values smaller than about 1 eV [97] . However, we are focusing here on the constraining power of cosmological tools alone for a wide range of models. We do not aim to study specific particle physics candidates for which a combination of all the possible available measurements may further restrict the NCDM parameter region.
Before going to the main results, we first give an impression of how much the standard cosmological picture changes for two exemplary MDM scenarios explored here. Figures 2 and  3 show the angular power spectra and the matter power spectra, respectively, obtained by using two models: one with f ncdm = 0.25 and m ncdm = 1 keV, and a second one with f ncdm = 0.05 and m ncdm = 1.5 eV. We show for comparison the predictions for the standard ΛCDM model, as well as the measurements from the latest data release of Planck satellite [4] in the case of the temperature anisotropies. In the figures, all the other cosmological parameters Figure 3 . The same as in Fig. 2 , but for the matter power spectrum.
are kept fixed, including the total DM density Ω dm .
Notice that for the case m ncdm = 1 keV and f ncdm = 0.25 the predictions for the temperature power spectrum are essentially identical to those within the canonical ΛCDM scenario for most of the scales. This is due to the fact that CMB physics is basically unaffected by the free streaming nature of a 1 keV particle that accounts here for 25% of the total DM mass-energy density. There only exists a tiny difference in the matter power spectrum at very small scales (see Fig. 3 ) due to the suppression of the growth of matter perturbations induced by the non-zero velocity dispersions of the NCDM component, even if it is not the dominant one. Therefore, we expect this point in the parameter space to be allowed by both CMB data and satellite galaxy measurements. On the other hand, the MDM model with f ncdm = 0.05 and m ncdm = 1.5 eV gives predictions for the CMB temperature anisotropies that are not compatible with the present CMB data. This is because the NCDM component behaves as radiation at the decoupling period, enhancing the first acoustic peak height, although the effect will be degenerate with the CDM energy density, in such a way that one could partly compensate this enhancement by increasing the total DM energy density. However, the suppression in the matter power spectrum for m ncdm = 1.5 eV occurs at a much larger scales than before, due to the shorter free-streaming scale, showing a clear discrepancy with power spectrum measurements.
Results
In Fig. 4 , we show, in equal-weight scatter plots, our numerical results as a function of the fraction and mass of the NCDM component. As described above, the results are based on the combination of CMB+SAT+BAO data. Among these data sets, CMB measurements are absolutely required to remove the existing degeneracies among the six ΛCDM parameters. Furthermore, they also discard at a very high confidence level the region of very low masses for large values of the NCDM fraction f ncdm . BAO data also help in further pinning down this NCDM parameter region, albeit in a milder manner than the CMB ones. The satellite likelihood is the one which can break the degeneracy between f ncdm and m ncdm , in particular in the observationally interesting WDM region around the keV scale, and therefore it is crucial for the aim of this work. The samples in Fig. 4 are colour-coded by the predicted number of satellite galaxies. We find that the number counts of dwarf satellite galaxies start to be noticeably affected for fractions larger than a few percent, and for masses up to around 10 keV. At 100 keV, the NCDM component behaves essentially as CDM for our purposes.
In Fig. 5 we show the main results of this paper. For each decade in the mass of the NCDM component we show the marginalized upper limits on its fraction f ncdm for both fermions and bosons. We find that the 95.4%CL limits for masses 1-10 keV are f ncdm ≤ 0.29 (0.23) for fermions (bosons), and for masses 10-100 keV they are f ncdm ≤ 0.43 (0.45), respectively.
For large values of the NCDM mass, our limits on its fraction f ncdm are competitive to those existing in the literature; see, e.g., Ref. [29] . In this regime the bounds come mainly from the BAO data and the number of satellites galaxies, since CMB alone is not able to distinguish the heavy NCDM component from a pure CDM one.
On the other hand, in the semi-relativistic regime, 10-100 µeV, the limits are very strong, f ncdm ≤ 3.3 × 10 −6 (9.8 × 10 −6 ) for fermions (bosons). This is expected, since in the relativistic limit the current cosmological upper bounds on dark radiation apply. Using Eqs. (2.1) and (2.2), indeed, we find for a very light NCDM particle:
Considering that the 95.4%CL limits that arise from the standard ΛCDM+N eff analyses [4] correspond to ∆N eff 0.3, our limits for f ncdm when the mass is around 10-100 µeV are in reasonable agreement with Eq. (4.1). The agreement, however, is not complete, especially in the fermion case. The reason is that the region of parameter space that corresponds to such a case is rather small and the shot noise of the simulation has a significant role, so that even the Multinest algorithm (with the adopted accuracy settings) cannot properly explore it. The result is that the density of sampled points in the relevant region is not sufficient to obtain exactly the expected constraints corresponding to Eq. (4.1). Moreover, as we can see in Fig. 5 , there are several small unexpected differences between the fermion and the boson case, since, as shown in Fig. 6 , the differences among fermionic and bosonic NCDM candidates are expected to be negligible. The tiny differences in the limits in Fig. 5 between the fermion and the boson cases are due to the shot noise of the Monte Carlo simulation.
Conclusions
In this study, we have explored the cosmological bounds arising from Planck CMB temperature and polarization at low multipoles plus BAO measurements on general cosmological models with a second non-cold dark component (NCDM). To constrain the NCDM component in the regime where it is warm, we include additional constraints by requiring that the model does not under-predict the number of satellite galaxies observed in the Milky Way. We adopt phase space distributions for the NCDM that correspond to a component that freezes out while still being relativistic. We compare results for bosonic and fermionic NCDM. Our results show that, for the adopted observables, there is not a substantial difference between the allowed regions corresponding to bosonic and fermionic NCDM. For small NCDM masses, the limit on its fraction relative to the total amount of DM in the universe (f ncdm ) is around a few times 10 −5 . This limit is approximately close to what one would expect from present constraints on the extra relativistic degrees of freedom ∆N eff . For high values of the NCDM mass, above fractions of keV, the CMB is unable to distinguish among the NCDM and CDM components and one therefore needs to look for independent observables such as the matter power spectrum, that we include through the measurements of the BAO scale. In that case, we obtain the following 2σ-level upper limits for f ncdm : for NCDM particles with mass in the range 1-10 keV, f ncdm ≤ 0.29 (0.23) in the fermionic (bosonic) case, while for NCDM particles with mass in the range 10-100 keV, f ncdm ≤ 0.43 (0.45). For these values of the NCDM mass our limits on its fraction f ncdm are slightly tighter than those existing in the literature (see e.g. Ref. [29, 98, 99] ). Forthcoming precise measurements of the matter power spectrum at small scales may be able to further corner mixed DM scenarios.
